This paper focuses on weighted balanced loss function under the Esscher principle (WBLF) of which we explore the modern practice of credibility theory and we generalize credibility premiums by using the WBLF. We obtain a distribution-free approach under the WBLF and the Esscher premium by using a minimization technique. Also, we discuss the consistency of the credibility premium generated by this distribution-free approach.
Introduction and motivation
According to Rodermund (1989) , the concept of credibility has been the casualty actuaries most important and enduring contribution to casualty actuarial science.
In this sense, credibility theory is used to determine the expected claims experience of an individual risk when those risks are not homogeneous, given that the individual risk belongs to a heterogeneous collective. The main objective of the credibility theory is to calculate the weight which should be assigned to the individual risk data to determine a fair premium to be charged, for recent detailed introductions to credibility theory, see Norberg (2004) , Bühlmann and Gisler (2005) .
Moreover, the credibility assumed that the individual risk, X, has a density f (x | θ) indexed by a parameter θ ∈ Θ which has a prior distribution with density π (θ). Let, now, π x (θ) be the posterior density when x is observed. In actuarial science, the unknown risk * LaPS laboratory, Badji Mokhtar University, Box 12,Annaba, 23000, Algeria, Email:
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riad.remita@univ-annaba.org In addition, if experience is available, the actuary takes a sample X from the random variables Xi, i = 1, t and uses this information to the unknown risk premium P L R (θ), through the Bayes premium P 
According to Heilmann (1989) , many credibility premiums were obtained under statistical decision theory from a Bayesian point of view and using the weighted squared error loss function (W LF henceforth), L1(P, x) = h(x) (x − P ) 2 , using dierent functional forms of h(x) we have dierent premium principles (such as net premium principle, expected value premium principle, variance premium principle, standard deviation premium principle, proportional hazards premium principle, principle of equivalent utility, dutch premium principle, Wang's premium principle, exponential principle, mean value principle, zero utility principle, Swiss premium calculation principle, Orlicz principle, Esscher principle). For example, if we take h(x) = 1 and h(x) = e hx , h > 0, we have the net and the Esscher premium principles, see Heilmann (1989) , Gómez (2006) , and others.
In today's point of view, it would be better to understand credibility premium as a simplied version of Bayes estimation of the individual pure premium. It is well known that the credibility premium can be written as a convex combination between the individual and the collective information. Under the case of the exponential family of distributions, exactly in the case of the pair: Poisson-Gamma, the Bayes Esscher premium can be written as a credibility formula in the form:
with (see Heilmann (1989) C : the collective premium obtained under WLF; g (x): a function of the observed data; Z (t): is the credibility factor, satisfying the condition 0 ≤ Z (t) ≤ 1.
In this work, we use the weighted balanced loss function (WBLF) to obtain new credibility premiums, WBLF is a generalized loss function introduced by Zellner (1994) (see Gupta and Berger (1994) , pp.371-390) and which appears also in Dey et al. (1999) and Farsipour and Asgharzadhe (2004) . It is given by
is a positive weight function, and δ0(x) is a function of the observed data (see Jafari et al. (2006) ). When ω is chosen to equal 0,This loss includes as a particular case the WLF, i.e.
Moreover, our work is a generalization of Gómez Déniz (2008) and the results obtained here are very close to those obtained by Najafabadi et al. (2010) whose approximate the Bayes estimator with respect to a general loss function and general prior distribution by a convex combination of the observation mean and mean of prior, say, approximate credibility formula. The paper is organized as follows. Section 2 describes the Esscher premium principle and its properties . Section 3 is dedicated to derive the Esscher credibility premiums under WBLF. Section 3 provides the main contribution of this work, i.e., the solutions under the distribution free approach. Finally, a small simulation is carried out to illustrate the theoretical conclusions and some remarks.
Properties of the Esscher premium principle
Let χ denote the set of non-negative random variables on the probability space (Ω, F, P ). Goovaerts et al. (1984) describe the Esscher premium as the expected value of the risk X after multiplying the density of X by an increasing weight function, which of course makes the risk less attractive to the insurer. The Esscher premium of X ∈ χ is given by
which h reects the risk averseness of the insurer. In fact, the distribution function Fx of X is replaced by its Esscher transform, denoted by F X,h , where h is a real parameter:
Clearly, F X,h is also a distribution function. So the Esscher premium of X, with parameter h can be calculated as
Some properties of Esscher premium principle are listed as follows. The proofs can be easily checked.
• Risk loading:
for all X ∈ χ, and h > 0. In addition, when
which is equal to the net premium principle. Loading for risk is desirable because one generally requires a premium rule to charge at least the expected payout of the risk X, namely E(X), in exchange for insuring the risk. Otherwise, the insurer will lose money on average.
• No unjustied risk loading: If a risk X ∈ χ is identically equal to a constant
If we know for certain (with probability 1) that the insurance payout is c, then we have no reason to charge a risk loading because there is no uncertainty as to the payout.
• Maximal loss (or no rip-o):
• Translation equivariance (or translation invariance):
for all X ∈ χ and all c ≥ 0. If we increase a risk X by a xed amount c, then the premium for X + c should be the premium for X increased by the xed amount c.
• Additivity for independent risks: If X, Y ∈ χ are independent of each other,
• Monotonicity:
• Preserving of rst stochastic dominance (FSD) ordering:
• Preserving of stop-loss (SL) ordering:
• Continuity:
Now, we give the individual premium, the collective premium and the Bayesian premium under the Esscher principle:
The individual premium
The individual premium of risk X and parameter θ under Esscher premium principle is
The collective premium
If we have no information, the actuary charges the collective premium to the insured which is given by
The Bayesian premium
To calculate the Bayesian premium, we use both the prior information about the parameters of the loss process and the actual loss experience observed during the policy period.
The posterior density function is obtained using the prior density function and the data on actual losses from the Bayes' theorem. Let f (x | θ) be the probability function of X, and let π (θ) denote the prior density function of θ. Let π X (θ) be the posterior density function, then: 
, where δ * 0 is a target estimator for the risk (individual) premium P 
We replace π (θ) by π x (θ) to obtain the Bayes premium P
3.2. Lemma. If the Bayes premium obtained under L1(P, x) is a credibility formula, the Bayes balanced premium obtained under WBLF is also a credibility formula in this form:
where
However, if we replace Poisson(θ) with the exponential distribution Exp
no longer has a credibility formula, because we have 
The distribution-free approach: Main results
According to Bühlmann (1967) , the classical formula in credibility theory often calculates the premium as a weighted sum of the average experience of the policyholder and the average experience of the entire collection of policyholders. The main idea in this work is to change the exact credibility premium H(µ(θ)|X1, X2, ..., Xn) by a linear expression of the form c0
indicates the empirical Esscher premium, depending on the past claims Xi, i = 1, n. Using the W BLF , we will suppose that the variables X1|θ, X2|θ, ..., Xn|θ are independently and identically distributed. To simplify the presentation, we use the following notations
is the individual Esscher premium.
is the collective Esscher premium. Then, the coecients c0, c1 must be determined by minimizing
In order to nd the solution to (4.1), we write
where π
is a probability distribution function. To achieve the minimum in (6), the derivative with respect to "c0" must be set to zero, namely,
Now, the problem is equivalent to:
Taking derivative to "c1":
Using (4.2) and (4.3), we nd
Numerical simulation
This section is made in order to illustrate the convergence of the empirical premium to the individual Esscher premium using a numerical simulation. We assume that X follows a Poisson distribution with parameter θ, and the prior is a gamma distribution.
With:
It is quite dicult to work out a closed form of c1 due to the obstacle in the analytic calculation of fn
. Thus, instead, we use a Monte Carlo method to compute numerically c1. The algorithm is described as follows: 1-Randomly sample 4 values, θ k , k = 1, 2, 3, 4 from distribution with density π * (θ) ∼ gamma(α, β − he h ). 2-For each θ k , we produce 1000 repetitions of sampling data, each of which consists of n independent and identically distributed values. 3-For each θ k , we nd the vector Hj (the empirical premium), according to this vector, we calculate: U k , V k , W k ,i.e., compute:
Hj 1000
4-We calculate:
A = 1 4 − 1 4 k=1 U k −Ū W k −W = cov * (µ(θ), fn (θ)) B = 1 4 − 1 4 k=1 U k −Ū 2 = var * [fn (θ)] C = 1 4 4 k=1 V k = E * [var [Hn [x] | θ]] D = 1 4 4 k=1 U k = E * [fn (θ)] then, c1 = (1 − ω) A B + C .
Simulation I
we take h = 0.8, ω = 0.9, α = 2 and β = 6. In addition, four dierent values of θ are given. Furthermore, two sample sizes are considered: n = 100 and n = 150. The corresponding simulation results are listed in the following tables: Table 2 . Simulation results, n = 150
Simulation II
To proving the closeness of this new credibility premium, we make another simulation by Taking 9 values of θ with the following parameters: h = 0.004, ω = 0.9, α = 2 and β = 8, the same sample sizes are considered in this simulation. Table 3 . Simulation results, n = 100 Table 4 . Simulation results, n = 150 where,H(µ(θ)|X1, X2, ..., Xn) is denoted byH.
Here,H(µ(θ)|X1, X2, ..., Xn) is the average of 1000 repetitions ofH(µ(θ)|X1, X2, ..., Xn), sd H(µ(θ)|X 1 ,X 2 ,...,Xn) denotes the standard deviation of H(µ(θ)|X1, X2, ..., Xn), and µ(θ) is the individual Esscher premium. The simulation shows better closeness of H(µ(θ)|X1, X2, ..., Xn) to µ(θ) than m. Moreover, the simulation results show that the new exact credibility premium H(µ(θ)|X1, X2, ..., Xn) is much closed to the individual Esscher premium. Also, we observe if θ → 1, the new exact credibility premium H(µ(θ)|X1, X2, ..., Xn) is more much closed to the individual Esscher premium. This closeness proves the consistency of this credibility premium.
5.1. Remark. In this work, we take only the single insurance contract, which is valid only when the collective premium is given. 6. Conclusion This study investigated weighted balanced loss function under the Esscher principle and generalized credibility premiums. It then derived distribution-free credibility premiums. More precisely, it employed a distribution free approach under WBLF to obtain a simple and new credibility premium which it is a combination of the collective premium and the individual Esscher premium.
Using a numerical simulation approach, it obtained empirical premiums and illustrated whether the empirical premiums converged to the Esscher premium. Its numerical simulation provides evidence of the convergence of the new credibility premiums derived in the study, and shows a simple way to calculate credibility premiums for actuaries. However, our study is limited in the case of Poisson-gamma in which the Esscher premium has a linear formula, but under the other combinations of the exponential family, the Esscher premium does not hold.
Another research topic should include the other cases of the exponential family to generalizing this study and giving to insurer the choice between distributions.
